Abstract. This paper is devoted to the study of Sidon sets, Λ(p)-sets and some related notions for compact quantum groups. We establish several different characterizations of Sidon sets, and in particular prove that any Sidon set in a discrete group is a strong Sidon set in the sense of Picardello. We give several relations between Sidon sets, Λ(p)-sets and lacunarities for L pFourier multipliers, generalizing a previous work by Blendek and Michalicek. We also prove the existence of Λ(p)-sets for orthogonal systems in noncommutative L p -spaces, and deduce the corresponding properties for compact quantum groups. Central Sidon sets are also discussed, and it turns out that the compact quantum groups with the same fusion rules and the same dimension functions have identical central Sidon sets. Several examples are also included.
Introduction
The study of lacunarity and particularly of Sidon sets is a major and fascinating subject of harmonic analysis. Historically, the notion of Sidon sets originated from discussions of special lacunary series on the circle T. This has been generalized later by replacing T with an arbitrary compact abelian group G. Recall that for a compact abelian group G, a Sidon set E for G is a subset of the dual discrete group Γ =Ĝ such that any continuous function on G with Fourier transform supported on E has absolutely convergent Fourier series. The theory of Sidon sets and lacunarity for compact abelian groups has been remarkably developed in the past several decades, and in a series of works of Rudin, Drury, Rider, Marcus, Pisier and others (see [Dru70, Rid75, Rud60, MP81, Pis78a, Pis78b, Pis83a, Pis83b] and references therein); it is shown to be deeply related to the theory of random Fourier series, metric entropy condition, multiplier spaces as well as some other topics in harmonic analysis and Banach space theory.
The development of similar subjects in more general setting goes naturally into two lines. The first one is the theory of Sidon sets in the setting of a non-abelian compact group G; these sets are special subsets of irreducible representations of G. This generalized notion of Sidon sets was firstly introduced in [FTR66, HR70] and then has seen many links to the harmonic analysis and probability theory as in the abelian case (see [Boż74, MP81] ). The other line of development concerns subsets of an arbitrary non-abelian discrete group Γ with related "functions" in its group von Neumann algebra V N (Γ), such as in [Pic73, FT77, Boż81] . The latter is more complicated and the behavior of lacunarity is closely related to the amenability of the discrete group, which also involves some tools from the operator space theory and leads to interesting topics in the study of completely bounded L p -Fourier multipliers in abstract harmonic analysis ( [Har99, Pis95] ). In the both directions mentioned above, the Sidon sets admit many seemingly non-related characterizations, and enjoy some special relations with Λ(p)-sets, multipliers, etc.. Moreover, many basic properties of Sidon sets in the two different settings have quite similar formulations. This gives rise to a natural motivation to find a more general framework, say Woronowicz's compact quantum groups, to unify these developments from different viewpoints, and to seek new aspects of the theory for these objects. In fact, based on the Woronowicz-Peter-Weyl theory for compact quantum groups, we may discuss similar questions for Sidon sets in the quantum group setting. Note that a priori in this general view, a discrete group Γ is regarded as the set of irreducible representations of the dual compact quantum group G =Γ, and the amenability of Γ is often interpreted as the coamenability of G. Recently, Blendek and Michalicek [BM13] have obtained some partial results towards this direction, which we will significantly complete and improve in Section 4.
In this paper we introduce and develop some important notions and properties related to lacunarities in the framework of compact quantum groups. The subjects that we address are as follows:
(1) Generalizations and characterizations of Sidon sets. With some preliminary work on Fourier series, we introduce in Section 3 the notion of Sidon sets for a compact quantum group and as an analogue of the classical case, we give some first characterizations of Sidon sets via interpolation of Fourier series of bounded functionals or L 1 -functions (Theorem 3.3). Theorem 3.3 answers in particular a basic question in the study on lacunarity of discrete groups, raised in [FT77, Pic73] , that is, the equivalence between strong Sidon sets and Sidon sets in discrete groups in the sense of [Pic73] . In fact, in the latter article Picardello defined two different kinds of lacunary sets that he called strong Sidon sets and Sidon sets in discrete groups. He proved the equivalence between these two notions for amenable discrete groups, but the non-amenable case has been left open. Here our approach is different from the classical ones in [HR70, Pic73] . Our argument is simpler and avoids the use of coamenability as in [Pic73] . It as well applies to the general quantum setting. We show as well that the Sidon property is stable under Cartesian/free products of compact quantum groups. Apart from the above approach, there are indeed various viewpoints on generalizations of Sidon sets for non-coamenable compact quantum groups, which lead to different types of lacunarities such as weak Sidon sets and unconditional Sidon sets. In Theorem 3.15 we will discuss the relations between these various notions and prove the equivalence among them for coamenable compact quantum groups.
(2) Λ(p)-sets and L p -Fourier multipliers. We discuss the equivalence between Λ(p)-sets and interpolation sets of bounded L p -Fourier multipliers for a compact quantum group (Theorem 4.7), generalizing the previous work [Har99] . Our investigation also leads to some facts which are hidden in the classical cases: we show that the restriction of the modular element Q of the dual quantum group on a Λ(p)-set must be bounded (Proposition 4.5), and that the class of Λ(p)-sets on a compact quantum group is independent of the interpolation parameter in the construction of noncommutative L p -spaces (Proposition 4.14). (3) Relations between Sidon sets and Λ(p)-sets. For a compact group or (the dual of) a discrete group, a simple (but non-trivial) argument shows that any Sidon set E is of type Λ(p) for 1 < p < ∞, which indeed means that any two norms p , p ′ for 1 < p, p ′ < ∞ are equivalent on the subspace of polynomials with Fourier series supported in E. The case for a general compact quantum group turns out to be more difficult. A first attempt was made by Blendek and Michalicek [BM13] , who showed in 2013 that if G is a compact quantum group of Kac type and if the Sidon set E satisfies some other special lacunarity conditions, then the norms 1 and 2 are equivalent on the subspace of central polynomials related to E. In this paper we give a shorter argument which completely solves the problem by showing that any Sidon set for an arbitrary compact quantum group is a Λ(p)-set for 1 < p < ∞ (see Theorem 4.8 and Corollary 4.9).
(4) Existence of Λ(p)-sets. We prove in Theorem 4.15 that any infinite subset of irreducible representations with uniformly bounded dimensions admits an infinite Λ(p)-set. The argument is based on the general fact that any infinite uniformly bounded orthogonal system with respect to a normal faithful state in a von Neumann algebra (including type III) admits an infinite Λ(p)-set. Since this result may be of independent interest, we include a proof in the appendix. On the other hand, contrary to the classical case, we may find some nice central Λ(4)-sets for SU q (2) with 0 < q < 1. This will be given in Proposition 4.16.
(5) Central Sidon sets. We also investigate in Section 5 some basic notions and facts concerning central Sidon sets for compact quantum groups. Our argument includes some new characterizations of compact quantum groups of Kac type via bounded central functionals or conditional expectations onto central functions. We show that any two compact quantum groups with the same fusion rules and the same dimension functions have identical central Sidon sets. This gives many examples of central Sidon sets for compact quantum groups via monoidal equivalence, DrinfeldJimbo deformations, etc.. As a corollary, we see that the Drinfeld-Jimbo q-deformation of any compact simply connected semi-simple Lie group (e.g. SU q (2)) does not admit any infinite Sidon set.
We would also like to remark that many results mentioned above rely on some very elementary properties of bounded L p -Fourier multipliers on compact quantum groups, which have not been discussed so far in literature. The first property concerns the question how to construct a left bounded L p -multiplier from a right bounded L p -multiplier, and the second one concerns the inequality comparing the norms a ℓ ∞ (Ĝ) and a M(L p (G)) . These questions are easy to deal with for completely bounded L ∞ -multipliers, but it seems that they are not obvious for other cases. Although the completely bounded L ∞ -multipliers, instead of bounded L ∞ -multipliers, are more natural objects for studying harmonic analysis on quantum groups, the questions above are still natural and elementary for studying L p -Fourier analysis on quantum groups, especially for p < ∞. As a result we include a detailed argument on these basic facts (Lemma 2.5, Proposition 2.7) in Section 2, which are also frequently used in other proofs of this paper.
It would also be interesting to study the completely bounded version of Sidon sets or Λ(p)-sets. We refer to Pisier's work [Pis95] for completely bounded lacunarity in discrete groups. We have not studied here this topic; but we will pursue it elsewhere. In fact, our argument on L p -Fourier multipliers in Section 2, and the estimation of modular elements in Section 4, will be helpful for the study towards this direction.
1. Preliminaries 1.1. Compact quantum groups.
1.1.1. Basic notions. Let us first recall some well-known definitions and properties concerning compact quantum groups. We refer to [Wor98] and [MVD98] for more details. Any compact quantum group G admits a unique Haar state h on C(G) such that for all
, where H is a Hilbert space with dim H = n. We identify
Denote by Irr(G) the set of unitary equivalence classes of irreducible finite-dimensional unitary representations of G. Also denote by Rep(G) the set of unitary equivalence classes of (not necessarily irreducible) finite-dimensional unitary representations of G. For each π ∈ Irr(G), we fix a representative u (π) ∈ C(G) ⊗ B(H π ) of the class π where H π is the finite dimensional Hilbert space on which u (π) acts. In the sequel we write
where e (π) ij , e (π ′ )
kl denotes the matrix units of B(H π ) and B(H π ′ ) respectively. For each π ∈ Irr(G), there exists a uniqueπ ∈ Irr(G) such that the trivial representation 1 ∈ Irr(G) is a subrepresentation of π ⊗π. We callπ the adjoint of π. The notions of tensor product and adjoint then can be extended to all elements in Rep(G) by decomposing representations into irreducible ones.
For π ∈ Rep(G), the character of π is the element
ii ∈ C(G). One can show that the definition does not depend on the representative matrix u (π) . For π, π ′ ∈ Rep(G), we have
, π ∈ Irr(G)}. This is a dense subalgebra of C(G). Consider the GNS representation (π h , H h ) of the Haar state h, then Pol(G) can be viewed as a subalgebra of B(H h ). Define C r (G) (resp., L ∞ (G)) to be the C*-algebra (resp., the von Neumann algebra) generated by Pol(G) in B(H h ). Then h extends to a normal faithful state on L ∞ (G). On the other hand, we may equip the following C*-norm on Pol(G),
Then the corresponding completion of Pol(G) is a unital C*-algebra, denoted by C u (G).
It is known that there exists a linear antihomomorphism S on Pol(G), called the antipode of G, determined by
, π ∈ Irr(G). Also, let ǫ be the counit of Pol(G), i.e., the linear functional defined by
be a family of compact quantum groups. It is shown in [Wan95b] that there exists a compact quantum group, denoted by i∈I G i , such that the algebra C r ( i∈I G i ) is the minimal tensor product of the C*-algebras C r (G i ), and the comultiplication on i∈I G i is induced by those on G i 's. We call i∈I G i the Cartesian product of (G i ). Each irreducible representation π ∈ Irr(G i ) can be naturally viewed as an irreducible representation of i∈I G i , still denoted by π. In this way we may write Irr( i∈I G i ) = {⊗ i∈I π i : π i ∈ Irr(G i ), i ∈ I}. On the other hand, according to [Wan95a] , we may construct a compact quantum group denoted by * i∈I G i and called the dual free product of (G i ), such that the algebra C r ( * i∈I G i ) is the reduced free product of the C*-algebras C r (G i ) associated to the Haar states of G i . Again, each irreducible representation π ∈ Irr(G i ) can be naturally viewed as an irreducible representation of * i∈I G i , still denoted by π.
Modular properties of the Haar state.
It is well-known that for each π ∈ Irr(G) there exists a unique positive invertible operator Q π ∈ B(H π ) with Tr(Q π ) = Tr(Q −1
). Then the Haar state can be calculated as follows,
The number d π is called the quantum dimension of π. The quantum group G is said to be of Kac type if Q π = Id π for all π ∈ Irr(G). The Woronowicz characters on Pol(G) are defined as
The modular automorphism group of the Haar state h on L ∞ (G) is determined by the following formula:
in other words,
The antipode S has the following polar decomposition
where R is a * -antiautomorphism of C r (G) and (τ z ) z∈C is the analytic extension of the oneparameter group (τ t ) t∈R of * -automorphisms defined as
for x ∈ Pol(G), or in other words,
The dual quantum groupĜ of G is defined via its "algebras of functions",
where ⊕ π B(H π ) refers to the direct sum of B(H π ), i.e. the bounded families (x π ) π with each x π in B(H π ), and ⊕ c0 π∈Irr(G) B(H π ) corresponds to the subalgebra of bounded families converging to 0 at infinity. Also set c c (Ĝ) to be the corresponding algebraic direct sum and denote by π B(H π ) the usual Cartesian product. We will not recall the full quantum group structure onĜ as we do not need it in the following. We only remark that the (left) Haar weightĥ onĜ can be explicitly given by (see e.g. [VD96, Section 5])
where p π is the projection onto H π and Tr denotes the usual trace on B(H π ) for each π.
1.1.3. Coamenability. Consider a compact quantum group G. We say that G is coamenable if the counit ǫ : Pol(G) → C extends to a state on C r (G). On the other hand, for linear functionals ϕ, ϕ ′ on Pol(G), we define the convolution product
Then it is easy to see that
where the norm is induced from C r (G) * or L ∞ (G) * , when the respective functionals admit bounded extensions. Equipped with this convolution product, the predual space L ∞ (G) * forms a Banach algebra. The following characterization of coamenability is given in [BT03, Theorem 3.1]. Proposition 1.2. A compact quantum group G is coamenable if and only if the Banach algebra L ∞ (G) * has a bounded right approximate unit with norm not more than 1, and if and only if the identity map on Pol(G) extends to a * -isomorphism from C u (G) to C r (G).
We remark that any compact group G or compact quantum group G with an amenable discrete group Γ as the dual quantum group, is coamenable.
1.1.4. Drinfeld-Jimbo deformation, quantum SU(N ) groups. Let G be a simply connected semisimple compact Lie group. It follows from the work of Levendorskii and Soibelman [LS91, Soi90] that given any q > 0 one can define a compact quantum group G q , called the Drinfeld-Jimbo qdeformation of G such that the fusion rules, the classical dimension function and the coamenablity do not depend on q. More precisely, we may state the following property (see for example [NT13, Theorem 2.4.7], [Ban99] and references therein). Proposition 1.3. Let 0 < q < 1.
(1) There exists a bijection Φ :
and dim Φ(π) = dim π for all π ∈ Irr(G).
(2) G q is coamenable.
Take G to be the special unitary group SU(N ) of degree N . We denote by SU q (N ) the compact quantum group G q for 0 < q < 1. Let us recall some facts of the representation theory of SU q (2). The elements of Irr(SU q (2)) can be indexed by n ∈ N ∪ {0} and each representation u (n) is of dimension n + 1. The associated matrix Q n in ( 
. . .
ii to be the character of u (n) . We recall the property below. See for example Proposition 6.2.10 in [Tim08] for the proof.
In this subsection we recall some basic definitions and facts on noncommutative L p -spaces. We refer to [Tak02, Tak03] for the theory of von Neumann algebras and to [PX03] for more details on noncommutative L p -spaces. In this paper we will mainly use the construction via interpolation [Kos84] and we refer to [BL76] for all notions and notation from interpolation theory used below.
Let M be a von Neumann algebra equipped with a distinguished normal faithful state ϕ.
We identify M as a subspace of M * by the following injection
It is known that j is a contractive injection with dense image. In this way we may view (M, M * ) as a compatible pair of Banach spaces and for 1 < p < ∞, we introduce the corresponding
where (·, ·) 1/p denotes the complex interpolation space. Denote by · p the norm on L p (M, ϕ). Let H ϕ be the Hilbert space in the GNS construction induced by ϕ. Then
with equal norms. Another useful and equivalent construction of noncommutative L p -spaces is given by Haagerup. We refer to [Ter81, PX03, HJX10] for details. For the convenience of the reader, we will not formulate the precise definition but rather cite here several basic properties which will be sufficient for later use.
Assume that the von Neumann algebra M acts on a Hilbert space H and denote by σ = σ ϕ the modular automorphism group of ϕ.
is realized as a densely defined operator on L 2 (R, H) and the usual Hölder inequality also holds for these noncommutative L p -spaces in this sense. Also note that M can be identified with L ∞,H (M, ϕ). Let D be the density operator associated to ϕ and tr be the trace on L 1,H (M, ϕ). We recall that D is a distinguished invertible positive selfadjoint operator on L 2 (R, H) and tr is a distinguished positive functional on L 1,H (M, ϕ), which enjoy the following properties.
In this paper we will frequently identify the two L p -spaces via the following isomorphism.
We will need the noncommutative Khintchine inequality for Rademacher sequences. Let 2 ≤ p < ∞. For a finitely supported sequence (
}. By Proposition 1.5 and the triangle inequality, we see easily that
Denote by (ε n ) n≥1 a Rademacher sequence on a probability space (Ω, P ), i.e., an independent sequence of random variables with P (ε n = 1) = P (ε n = −1) = 1/2 for all n. 
Consequently L p,H (M, ϕ) is of type 2, i.e., for the above sequences we have
In this paper, we will mainly be interested in the case of M = L ∞ (G) for a compact quantum group G. Let h be the Haar state on G. Throughout the paper, for any 1 ≤ p ≤ ∞ we will use the notation
As is seen in the previous construction, we will in the sequel identify L ∞ (G) with a subspace of L 1 (G) via the embedding j : x → xh := h(·x).
In particular we define the convolution for x, x ′ ∈ L ∞ (G),
It is easy to see that the algebra of polynomials Pol(G) is a common dense subspace of all L p -spaces associated to G with 1 ≤ p < ∞. In fact we have the following property (see [Jun02, Lemma 2.2]). Lemma 1.8. Let A be an ultraweakly dense * -subalgebra of M. Then for 1 ≤ p < ∞, A is dense in L p (M, ϕ) with respect to p . We will not consider the noncommutative L p -spaces associated to discrete quantum groups for a general p in this text, but let us add several words on the special cases p = 1 and 2. We consider the dual discrete quantum groupĜ of a compact quantum group G. Define the L 1 -space ℓ 1 (Ĝ) onĜ associated toĥ as
By the property of Tr on B(⊕ π H π ), it is easy to see that ℓ 1 (Ĝ) is a Banach space and the injection
is an isometric isomorphism. One can easily see that c c (Ĝ) is a dense subset in ℓ 1 (Ĝ). Also, we define the space ℓ 2 (Ĝ) to be the Hilbert space in the GNS construction induced by the Haar weight h on ℓ ∞ (Ĝ).
Fourier series and multipliers
The Fourier transform for locally compact quantum groups has been discussed in [Coo10] , [Cas13] and [Kah10] . In the setting of compact quantum groups, we may give a more explicit description. Let a compact quantum group G be fixed. For a linear functional ϕ on Pol(G), we define the Fourier transformφ
, and the Fourier transformx = (x(π)) π∈Irr(G) of x is given bŷ
The above definition is slightly different from that of [Cas13] or [Kah10] . Indeed, we replace the unitary u (π) by (u (π) ) * in the above formulas. This is just to be compatible with standard definitions in classical analysis on compact groups such as in [Fol95, Section 5.3] , and this will not cause any essential difference. We refer to Section 2.2.2 of [Wan16] for some explanation on classical examples in this setting. On the other hand, the notationφ has a slight conflict with the dual Haar weightĥ onĜ. One can however distinguish them by the elements on which it acts, so we hope that this will not cause any ambiguity for the reader.
Let ϕ 1 , ϕ 2 be linear functionals on Pol(G). Consider their convolution product ϕ 1 ⋆ ϕ 2 = (ϕ 1 ⊗ ϕ 2 ) • ∆. We note that for a linear functional ϕ on Pol(G) and π ∈ Irr(G),
where ϕ * denotes the usual adjoint of ϕ, i.e., ϕ * (x) = ϕ(x * ). On the other hand, a straightforward calculation shows that
Using the property of the antipode S we may also show (cf.
Using (1.5) and (1.6) we may rewrite the second equality above as
In the sequel let F : f →f denote the Fourier transform.
It is easy to establish the Fourier inversion formula and the Plancherel theorem for L 2 (G). The following result can be found in Proposition 2.6 in [Wan16] .
where the convergence of the series is in the L 2 -sense. For any π ∈ Irr(G), if we denote by E π the orthogonal projection of L 2 (G) onto the subspace spanned by the matrix coefficients (u
For a = (a π ) π ∈ π B(H π ), we define the left and right multipliers m
which, according to the above proposition, yields that
equipped with the norm
Proof. Let a ∈ ℓ ∞ (Ĝ). By equality (2.8) and Proposition 2.2, we have for all x ∈ Pol(G),
Therefore we get (2.9)
Conversely, take a ∈ π B(H π ) with
. For π ∈ Irr(G) and for each eigenvalue λ of the operator a π a * π , we choose an orthogonal projection E ∈ B(H π ) such that a π a * π E = λE. According to Proposition 2.2, we choose an x ∈ Pol(G) witĥ
Then we have
So we see that λ ≤ m
Taking the supremum over all such eigenvalues λ, we get
. Combining the two inequalities (2.9) and (2.10) we prove that for all a ∈ π B(H π ) we have
. So we establish the lemma.
It is well known that if G is a compact group G or the dual compact quantum groupΓ of a discrete group Γ, then for all 1 ≤ p ≤ ∞ we have
We refer to [Har99, HR70] for related discussions. This is however not clear for an arbitrary compact quantum group. Note that if the operators m L a and m R a are completely bounded on L ∞ (G), then from (2.7) we see that
, where CB(L ∞ (G)) denote the completely bounded norm in the sense of [ER00] . If the multiplier a ∈ M(L ∞ (G)) is not necessarily completely bounded, it is even not clear to see whether the sequence a ∈ π B(H π ) is bounded or not. We refer to [Daw10, Section 8.2] for some related discussions. In the following Proposition 2.7 we will give an affirmative answer in the case that G is of Kac type, and indeed give a similar estimate for the general case, which also improves an early result in [Daw10, Proposition 8.8] for compact quantum groups. Let us first establish some easy but useful lemmas.
Lemma 2.4. Let 1 ≤ p ≤ ∞. We have the following assertions:
(a) For all t ∈ R, the operator σ t extends to an isometry on
Proof. (a)
Since h • σ = h, it is easy to see that the operators σ t and σ −t extend to isometries on
(b) It is well known and easy to see from (1.3), (1.4) and (1.5) that
Also recall that R is a * -antiautomorphism on L ∞ (G) with h • R = h, and h(xy) = h(yσ −i (x)) for x, y ∈ Pol(G). So for x ∈ Pol(G), we have
Thus we see that σ −i • R extends to an isometry on L 1 (G). Therefore by (a), σ −i−t • R and R • σ i+t also extend to isometries on L 1 (G) for t ∈ R. Then the assertion follows directly from the Stein interpolation theorem (see e.g. [Lun09, Theorem 2.7]).
(c) This follows directly from Proposition 1.5 (1)(4).
We equip the space X with the norm p . Then we have for all a ∈ π B(H π ),
Note that the subspace X is invariant under R, σ and τ , and that the maps m R a and m L Q −1/2 a * Q 1/2 send X into X itself. We define a linear functional ϕ on Pol(G) by ϕ(u (π) ij ) = (a π ) ji for π ∈ Irr(G) and 1 ≤ i, j ≤ n π . Then we see that ϕ * = a where ϕ * = ϕ(· * ). Take x ∈ X. By (2.4), (2.5), we have
Recall from (1.4) and (1.6) that
So we get
• σ −i/p and using the previous lemma, we then have
Note that by (2.1) and (1.5), we have
So together with (2.5) and (2.8), we have
) and hence the above computations yield
are isometries on X according to the previous lemma, we obtain the desired conclusion.
Lemma 2.6. For z ∈ C and x ∈ Pol(G), we have
In particular for a ∈ π∈Irr(G) B(H π ) and t ∈ R,
And by the construction of (f z ) and (2.1) we have (f iz • S −1 )ˆ= Q iz . So together with (2.4) and (2.5) we get
Consequently, for x ∈ Pol(G),
That is,
The equality for m R a follows similarly. Now we are able to give an analogue of inequality (2.11) for general compact quantum groups. The proof below is based on a personal communication by Marius Junge.
By Lemma 2.4, T extends to a bounded operator on
it xD −it in Proposition 1.5. We have for x, y ∈ Pol(G),
According to Proposition 2.2 and (2.8), we note that
Therefore the above equalities give
* , and repeat the above argument. Then (2.12) also holds for p = ∞. On the other hand, we assume that m
. Note also that by Lemma 2.4 and Lemma 2.6, for all t ∈ R,
. Hence, applying the Stein interpolation theorem, (2.12) and (2.13) yields
. Now applying Lemma 2.3, we get
In particular, we may state the following corollary.
In the following paragraph we present a special subspace of C r (G), which, in the classical case, is known as the Fourier algebra introduced by Eymard [Eym64] , as explained in [HR70, p.367] . Recall that we always identify
Moreover, if we let
Proof. Firstly we show that (2.15)
* and the Hölder inequality on Tr we have
Therefore by (2.6),
Now given y ∈ A(G), we note that c c (Ĝ) is dense in ℓ 1 (Ĝ) and F (Pol(G)) = c c (Ĝ), so we may take x n ∈ Pol(G) such that x n −ŷ 1 → 0. So (x n ) n is · 1 -Cauchy, and hence by (2.15) the sequence (x n ) n is · ∞ -Cauchy in Pol(G). Since Pol(G) is dense in C r (G), the sequence (x n ) n in Pol(G) converges to some x ∈ C r (G). Note that
, we have also x n − x 1 → 0. Then according to the contractive property of F , it holds thatx(π) = lim nxn (π) =ŷ(π) for all π ∈ Irr(G). So y = x ∈ C r (G) according to the injectivity of F , and y ∞ = lim n x n ∞ ≤ lim n x n 1 = ŷ 1 . As a result A(G) ⊂ C r (G) and (2.14) is proved. Now we set x A = x 1 for all x ∈ A(G), then (A(G), · A ) is clearly a normed space and the map x →x sends (A(G), · A ) isometrically into ℓ 1 (Ĝ). To see that it is surjective, we shall show that for any a = (a π ) π∈Irr(G) ∈ ℓ 1 (Ĝ) there exists x ∈ L 1 (G) withx = a. In fact, if we consider a sequence x n ∈ Pol(G) such that x n − a 1 → 0, then the existence of x ∈ L 1 (G) withx = a follows simply from the same argument as in the preceding paragraph.
In some literature the Fourier algebra A(G) is also defined simply to be the space ℓ 1 (Ĝ). Note that the identification that we use yields also the product on A(G) (convolution product of ℓ 1 (Ĝ) ∼ = ℓ ∞ (Ĝ) * , well-known in the theory of locally compact quantum groups), which makes A(G) a Banach algebra.
Sidon sets
Let G be a compact quantum group and E be a subset of Irr(G). Define
, and
are all closed subspaces. Note that we may identify the duality between spaces
Definition 3.1. We say that a subset E ⊂ Irr(G) is a Sidon set (with constant K) if there exists K > 0 such that for any x ∈ Pol E (G), we have
Remark 3.2. Any finite subset of Irr(G) is clearly a Sidon set. Let E ⊂ Irr(G) be a Sidon set and F ⊂ Irr(G) be finite. Then E ∪ F is also a Sidon set. In fact, assume without loss of generality that E ∪ F = ∅, and take x ∈ Pol E (G) and
We first give the following fundamental characterizations of Sidon set, extending the classical result of [HR70, (37. 2)] for compact groups. On the other hand, this result establishes the equivalence between the so-called strong Sidon sets (i.e. sets with condition (3) in the theorem below) and Sidon sets in non-amenable discrete groups, which had been open since the work of Picardello [Pic73] in 1970s. Our approach is different from the idea of [HR70, Pic73] . In hindsight, the proof in [HR70] depends essentially on the coamenability of the compact group, which does not apply to the more general cases in the quantum setting. Instead, we use a simpler argument via duality.
Theorem 3.3. Let G be a compact quantum group and E be a subset of Irr(G). The following assertions are equivalent:
Proof. From Proposition 2.9, it is easy to see that the condition (4) implies the surjectivity of the inverse Fourier transform
Then the equivalence (4) ⇔ (7) follows from the open mapping theorem. Similarly, we may obtain (5) ⇔ (6). Also, the implications (7) ⇒ (6) ⇒ (1) are trivial. Let us show (1) ⇒ (2) ⇒ (3) ⇒ (1) and (3) ⇒ (7). In the following set Pol
We consider the functional
According to (1), we have
so ϕ is continuous on Pol E (G) c and it has a Hahn-Banach extension to C r (G). We still denote the extension by ϕ. Recall that by Proposition 2.2,
(2) ⇒ (3). We consider the map
Then the second adjoint map (σ * ) * is given by
Note that the condition (2) means nothing but the surjectivity of σ * * . Recall the general fact that for a bounded map T between two Banach spaces, T is surjective if and only if T * * is surjective (cf. for example [Meg98, 3.1.22]). So σ is also surjective, whence the condition (3).
(3) ⇒ (1). The assertion (3) implies that the bounded map σ :
By the open mapping theorem, we may find a constant K > 0 such that for all a ∈ c 0 (E), there exists x ∈ L 1 (G) satisfyingx(π) = a π for all π ∈ E and x 1 ≤ K a ∞ . Now consider y ∈ Pol E (G) and let us show that ŷ 1 ≤ K y ∞ . Equivalently, let us prove that for all a ∈ c c (E) with a ∞ ≤ 1, we have
In the following let y and a be fixed as above. Choose a ψ ∈ L 1 (G) satisfyingψ(π) = a π for all π ∈ E and ψ 1 ≤ K. Note also that ψ| PolE(G) c = (F −1 (a)h)| PolE(G) c . Hence together with Proposition 2.2 and the choice of y, we get
Therefore the desired inequality (3.1) follows.
(3) ⇒ (7). We have proved that (3) implies (1) and on the other hand, for any set E ⊂ Irr(G) satisfying (1), we have the following observation:
We then note thatψ * x = 0, (ŷ n −ψ) * x ∈ c c (E) and by (2.2) and (2.4) we have
where K is the Sidon constant for E. Consequently by the choice of y n and Proposition 2.2 we have
(ŷ * nx ) = 0, as claimed. Then the implication (3) ⇒ (7) follows from the same argument as in (3) ⇒ (1) above.
Remark 3.4. Note that for a Sidon set E, by the assertion (4) and Proposition 2.9, we have
By the assertion (7), C E (G) is isomorphic to a Banach subspace of ℓ 1 (E) via the Fourier transform. Since c c (E) is dense in ℓ 1 (E), C E (G) and ℓ 1 (E) are indeed isomorphic. In particular, the subspace Pol E (G) is dense in C E (G).
Remark 3.5. Since by (2.2) we know that (ϕ * • S −1 )ˆ(π) =φ(π) * for π ∈ Irr(G), the assertion (2) in the above theorem can be replaced by the following one:
Remark 3.6. Note that we have shown in the proof that, if E is a Sidon set of constant K, then the obtained elements ϕ and x in (2) and (3) can be chosen to have the norms not more than K a ∞ , respectively; conversely arguing as in the beginning of the proof (3) ⇒ (1), if (2) or (3) holds, we may find a constant K > 0 such that the norms of ϕ or x is not more than K a ∞ respectively, and the obtained Sidon constant in (1) is exactly K.
Remark 3.7. In view of some technical tricks concerning the non-traciality of Haar states, we would like to present a second proof of the implication (1) ⇒ (7) in the above theorem under an additional assumption that G is coamenable, roughly following the idea in [HR70, (37.2)]. The subtle point, which is trivially hidden in the commutative and cocommutative cases, is the fact that to directly deduce the convergence of Fourier series of x from (3.2) below as in [HR70, (37. 2)], one needs to know that the convolution (1.7) defines a bounded map from
by restriction. This is generally not clear for a compact quantum group which is not of Kac type, caused by the unboundedness of the antipode S. Now let us assume the coamenability of G, and show the implication (1) ⇒ (7):
Since G is coamenable and the subspace Pol(G) is dense in L 1 (G), we may choose a net (y i ) i∈I ⊂ Pol(G) with y i 1 ≤ 1 such that lim i x ⋆ y i − x 1 = 0. Hence for each π ∈ E,
Since the norms on a finite dimensional space are equivalent, we have for all π ∈ E,
Therefore for any finite subset F ⊂ E and for any ε > 0, we may find some a ∈ c c (E) with a ∞ ≤ 1 and
Since E is a Sidon set, we may find by previous arguments (proof of (1)
where we have applied the property of the Sidon set to the element (ι ⊗ (yh) * )∆(x) ∈ Pol E (G). Since F and ε are arbitrarily chosen, we get x 1 ≤ K 2 x ∞ , as desired. Note that the constant K 2 obtained here is worse than that in the previous proof.
As a corollary we may give a quick proof of the non-surjectivity of the Fourier transform F : L 1 (G) → c 0 (Ĝ) for infinite compact quantum group G.
Corollary 3.8. Let G be a compact quantum group. The following conditions are equivalent:
Proof. The equivalence (2) ⇔ (3) ⇔ (4) has been already given in Theorem 3.3. The implication (1) ⇒ (2) is trivial. Assume (2) holds, then the previous theorem yields that there exists a constant K > 0 such that
Suppose by contradiction with (1) that G is not finite. Then we may choose an infinite countable subset E ⊂ Irr(G) and let A be the * -subalgebra generated by {χ π : π ∈ E} in Pol(G). Write
then F is countable and A ⊂ Pol F (G). Consider the von Neumann subalgebra M generated by A in L ∞ (G). Then by the weak density of A in M, for each x ∈ M and each π ∈ Irr(G) \ F we havê x(π) = 0. So by the above inequality (3.3) each x ∈ M can be approximated in ∞ by elements in Pol F (G), and in particular M is separable, which gives a contradiction since the von Neumann algebra M is infinite-dimensional as so is A.
Remark 3.9. Together with the condition (5) in Theorem 3.3, the above argument also shows that for any infinite discrete quantum group H, the Fourier transform F : Cas13] is not surjective. The above result is a particular case of the general fact that the predual of an infinite-dimensional von Neumann algebra cannot be equipped with an equivalent C*-norm.
The following properties give some general methods of constructing infinite Sidon sets for compact quantum groups.
Proposition 3.10. Let (G i ) i∈I be a family of compact quantum groups and assume that E i ⊂ Irr(G i ) is a Sidon set with constant C i for each i ∈ I and that C := sup i∈I C i < ∞. Then ∪ i∈I E i ⊂ Irr( i∈I G i ) is a Sidon set for i∈I G i .
Proof. This follows directly from the assertion (2) in Theorem 3.3 and Remark 3.6. Let a ∈ ℓ ∞ (∪ i∈I E i ). Without loss of generality we assume a ∞ = 1/C. For each i ∈ I, we may find ϕ i ∈ C r (G i ) * such thatφ i coincides with a on E i and ϕ i ≤ 1. Take ϕ = ⊗ i∈I ϕ i , then ϕ extends to a bounded functional on C r ( i∈I G i ). Henceφ(π) = a π for all π ∈ ∪ i∈I E i . So ∪ i∈I E i is a Sidon set.
Proposition 3.11. Let G 1 , G 2 be compact quantum groups. Assume that E ⊂ Irr(G 1 ) and F ⊂ Irr(G 2 ) are Sidon sets. Then E ∪ F is a Sidon set for G 1 * G 2 .
Proof. Denote h 1 and h 2 the Haar states for G 1 and G 2 respectively. Let K 1 be the Sidon constant for E and K 2 that for F. By Remark 3.2, we may assume that 1 / ∈ E and 1 / ∈ F. Now for any x ∈ Pol E (G 1 * G 2 ) and y ∈ Pol F (G 1 * G 2 ), we have h 1 (x) = 0, h 2 (y) = 0, and x and y are free. Then it is well known and easy to see from the construction of reduced free products that max{ x ∞ , y ∞ } ≤ x + y ∞ (see [Voi98, Jun05, RX06] for more information on the norm estimates related to freeness). Hence
This proves that E ∪ F is a Sidon set of constant
Remark 3.12. Note that one cannot expect to extend the above proposition to an infinite family of compact quantum groups as in Proposition 3.10. An easy example is the set of infinitely many free generators of the free group F ∞ , which is not a Sidon set. More details of this example will be presented in Remark 3.16.
As is seen in [Pic73, Boż81] , there are several alternative possible ways to generalize the notion of Sidon sets for non-amenable cases. Let us briefly discuss them in the quantum group setting. We follow the terminologies in [Boż81, Har99] . Definition 3.13. (1) We say that a subset E ⊂ Irr(G) is a weak Sidon set (with constant K) if there exists K > 0 such that for any x ∈ Pol E (G), we have
Evidently, a Sidon set for G is necessarily a weak Sidon set.
(2) If G is of Kac type, by Lemma 2.5 we see that the classes of interpolation sets of M L (L ∞ (G)) and of M R (L ∞ (G)) coincide. Also we note that if G is coamenable, these two classes coincide as well, which can be seen from the following theorem. Some more properties of these classes of interpolation sets will be discussed in the next section.
Theorem 3.15. Let G be a compact quantum group and E ⊂ Irr(G) be a subset. Let K > 0. If (1) E is a weak Sidon set of constant K;
and in particular, (3) E is a left unconditional Sidon set of constant K. Moreover, if additionally G is coamenable, then the conditions (1), (2) and (3) are all equivalent to:
(4) E is a Sidon set of constant K.
Proof. The proof follows the same line as in [Pic73, Boż81] and we only present the sketch. Assume that E ⊂ Irr(G) is a weak Sidon set. Then by the above remark and Remarks 3.5-3.6 any a ∈ ℓ ∞ (E) is a restriction ofφ for some ϕ ∈ C u (G) * of norm no more than K a ∞ . Note that C r (G) is a quotient space of C u (G) and hence the dual space C r (G) * embeds isometrically into C u (G) * . Therefore by the density of Pol(G) in L 1 (G) = L ∞ (G) * , one can easily see from (2.3) that ψ → ϕ ⋆ ψ and ψ → ψ ⋆ ϕ give two bounded multipliers on L 1 (G). Then by duality we obtain the desired multipliers for (2). Thus the implication (1) ⇒ (2) ⇒ (3) is established. Now assume additionally G is coamenable and show that (3) ⇒ (4). Take x ∈ Pol E (G) and for each π ∈ E let a π be a unitary matrix such that |x(π)Q π | = a πx (π)Q π . Then
as desired.
Remark 3.16. (1) The left unconditional Sidon set in the assertion (3) above can be obviously replaced by the right one.
(2) The coamenability is crucial in the above proposition. In fact, denote by F ∞ the free group with infinitely many generators and let G be the quantum group with dualĜ = F ∞ . Take E to be the generators of F ∞ , and recall the Haagerup inequality [Lei74, Boż75a]: for finitely many elements γ 1 , . . . , γ n ∈ E and α 1 , . . . , α n ∈ C,
. So E satisfies (2) and (3) in the proposition, but in this case obviously (1) fails to hold.
Example 3.17. Consider the compact quantum group G = k≥1 G k , where for each k ≥ 1 and
denotes the free unitary group of Wang [VDW96] . Recall that
the universal C*-algebra generated by N 2 k elements {u
. Then E is a weak Sidon set, and hence is an interpolation set of M(L ∞ (G)) and an unconditional Sidon set. In fact, let U N k be the N k × N k unitary matrix group and
, w → w be its fundamental representation. It is easy to see that {w
Thus by the universal property of U
we have for all finitely supported sequences (
Therefore E is a weak Sidon set. However, E is not a Sidon set. Indeed, write
). Vergnioux [Ver07] and Brannan [Bra12, Theorem 6.3] showed that there exists C > 0 such that x k ∞ ≤ C x k 2 for all k. Hence x ∞ ≤ C k x k 2 and the inequality in Definition 3.1 cannot hold.
Example 3.18. Consider the sequence (q n ) n≥1 ⊂ [q, 1] with q := inf n q n > 0 and the associated quantum group G = n≥1 SU qn (2). Recall that SU qn (2) is coamenable and for each n, C(SU qn (2)) is the universal C*-algebra generated by elements α n and γ n such that the matrix u n = α n −q n γ * n γ n α * n is unitary. The matrix u n ∈ M 2 (C(SU qn (2))) defines a unitary representation of SU qn (2), and the matrix Q un associated to u n , simply written as Q n , has the eigenvalues q n , q
n . Then E = {u n : n ≥ 1} ⊂ Irr(G) is a Sidon set for G. To see this, by Proposition 3.10 and Theorem 3.15, it suffices to show that for each n ≥ 1, the singleton {u n } has a uniform right unconditional Sidon constant 1 + q −1 , which means that for all A ∈ M 2 (C) and all unitaries V ∈ M 2 (C), we have
Indeed, since the map
is unital completely positive and the functional Tr is tracial, we may use the Cauchy-Schwarz inequality and Proposition 2.2 to get
2 ∞ which establishes (3.4) if we note that q ≤ q n ≤ 1. The order o(q −1 ) of the constant obtained in the above inequality is optimal when q → 0: we see that
n ≤ q n , which means the Sidon constant K with x ∞ ≤ K x ∞ for x ∈ Pol E (G) cannot be less than q −1 n . Also as a result, if q n → 0, the subset E given above is not a Sidon set.
Relations with Λ(p)-sets
In this section we aim to investigate Λ(p)-sets, and in particular we will establish the relations between Sidon sets and Λ(p)-sets.
Λ(p)-sets and Sidon sets.
In the following we define the Λ(p)-sets for compact quantum groups, which follows from a direct quantum adaptation of that of classical Λ(p)-sets for compact groups.
Definition 4.1. Let G be a compact quantum group and E ⊂ Irr(G) be a subset. Let
ii be the character of π ∈ Irr(G). For 1 < p < ∞, we say that E is a Λ(p)-set with constant K if there exists K > 0 such that for all x ∈ Pol E (G),
and we say that E is a central Λ(p)-set with constant K if there exists K > 0 such that for all finitely supported sequences (c π ) π∈E ⊂ C and x = π∈E c π χ π ∈ Pol E (G),
Remark 4.2. Let 1 < p < ∞ and 1 < p 0 < p. Notice that in order to see a subset E ⊂ Irr(G) is a Λ(p)-set, it suffices to check the existence of a constant K > 0 with
This is due to the fact that (L p (G)) 1≤p≤∞ is a complex interpolation scale so that x p0 ≤ x θ 1 x 1−θ p for some 0 < θ < 1. On the other hand, we see that any Λ(p)-set must be a Λ(p ′ )-set for 1 < p ′ < p < ∞. Similar observations are also valid for central Λ(p)-sets. And as in the classical case, we will be mainly interested in the Λ(p)-sets for 2 < p < ∞.
It is well known and not difficult to see that when G is a compact group G or the dual quantum group of a discrete group Γ, any Sidon set E ⊂ Irr(G) (or more generally, an interpolation set of Har99] ). The same question for an arbitrary compact quantum group is however more delicate. To the best knowledge of the author, the only effort towards this direction before our work is the following property recently given by Blendek and Michalicek, as a main result in [BM13] : if G is a compact quantum group of Kac type and if E ⊂ Irr(G) is a Sidon set satisfying the Helgason-Sidon condition, then there exists K > 0 such that for all finitely supported sequences (c π ) π∈E ⊂ C and x = π∈E c π χ π ∈ Pol E (G),
Observe that this result requires many more restrictions on the subset E than in the classical cases while the obtained inequality is much weaker. However, compared to the classical one, its proof utilizes quite nontrivial tools such as "modified Rademacher functions". In the following paragraph, we provide an alternative and more concise argument, which completely removes the non-expected restrictions in [BM13] and moreover directly establishes the nice relation between Sidon sets and Λ(p)-sets for all 1 < p < ∞.
In order to characterize the Λ(p)-sets, let us consider the following notions of interpolation sets of bounded multipliers on L p (G), which also generalize Definition 3.13.
Definition 4.3. Let G be a compact quantum group and let 1 ≤ p ≤ ∞. We say that
Remark 4.4. Let 1 ≤ p ≤ ∞ and E ⊂ Irr(G). We remark that, if for any a ∈ ℓ ∞ (E), there exists a bounded multiplierã ∈ M(L p (G)), then automatically there exists a constant K > 0 with ã M(L p (G)) ≤ K a ∞ , and E is an interpolation set of M(L p (G)). In fact, if for any a ∈ ℓ ∞ (E), there exists a bounded multiplierã ∈ M(L p (G)) withã π = a π for all π ∈ E, then by Proposition 2.7, we have Q In particular, we choose an appropriate basis of ⊕ π H π so that Q π is diagonal under this basis for π ∈ Irr(G), and take a π = e ij with 1 ≤ i, j ≤ n π , then the above inequality yields that
Also by Proposition 2.7, it is easy to see that M(L p (G)) is a Banach subspace of B(L p (G)).
So by the open mapping theorem and Proposition 2.7, we may always find a constant K > 0 such that the inequality ã M(L p (G)) ≤ K a ∞ is automatically satisfied. Thus E is automatically an interpolation set of M(L p (G)). But we do not know whether the similar observation can be made for interpolation sets of M L (L p (G)) and that of M R (L p (G)).
These kinds of lacunarities have some special restrictive properties in the non-Kac case. The following result will be of use later.
Proposition 4.5. Let G be a compact quantum group and 1 ≤ p ≤ ∞. Assume that E ⊂ Irr(G) satisfies one of the following four conditions:
kl p , and moreover
Proof. In the proof we always choose an appropriate basis of ⊕ π H π so that Q π is diagonal under this basis for π ∈ Irr(G). We first prove (4.1) and (4.2) under the assumption (4). Assume that K > 0 and θ, θ
So by Proposition 2.2 we have
kl p . In particular we get for any 1 ≤ i, j ≤ n π ,
ji p . Recall that Q π is chosen diagonal, and note that by Lemma 2.4 and the formula (1.3),
ji ) p . But using the polar decomposition of S in (1.4) and (1.5) and recalling that Q π is chosen diagonal, we have
ji p . The above three inequalities yield that
Note that i and j are arbitrarily chosen and that
Combining this with (4.3), we also get
Now we assume that (1) holds, that is,
. Let a ∈ c c (E). Then a extends to bounded left multipliers on L p (G), and hence by Lemma 2.5 we have m (4), then we obtain the desired inequalities (4.1) and (4.2). And the proof under the assumption (2) follows from a similar argument.
The assumption (3) can be viewed as a particular case of (4) by taking θ = 1/p, θ ′ = 0. So we establish the proposition.
Combining this proposition with Lemma 2.5, we deduce the following observation.
Now we are able to characterize the Λ(p)-sets via the interpolation sets of bounded multipliers for 2 < p < ∞.
Theorem 4.7. Let E ⊂ Irr(G) be a subset. Assume 2 < p < ∞. The following assertions are equivalent:
(
If additionally the subset E is symmetric in the sense that π ∈ E if and only ifπ ∈ E, then the above assertions are also equivalent to:
Note that the equivalence (3) ⇔ (4) has been already given in the previous lemma and the implication (5) ⇒ (4) is trivial. Since (3) and (4) are equivalent, the implication (3) ⇒ (2) is also obvious.
(1) ⇒ (5). Assume that E is a Λ(p)-set with constant K. Then together with Lemma 2.3, we see that for all a ∈ ℓ ∞ (E),
, and in particular by Proposition 4.5, we may find a constant K ′ such that
Hence by Lemma 2.5, (4.5) also yields that for all a ∈ ℓ
As a result, both maps m L a and m R a for a ∈ ℓ ∞ (E) extend to bounded operators on L p (G), which means that E is an interpolation set of M(L p (G)).
(2) ⇒ (1). Assume that (2) holds and we take K > 0 to be the constant satisfying
For each π ∈ Irr(G), since the operator Q π is positive, we may fix a basis in H π such that the associated matrix of Q π is diagonal, and denote by u (π) ∈ M nπ (C(G)) the representation matrix under this basis.
Let us first show that for π ∈ Irr(G) and 1 ≤ i ≤ n π , we have some constant C 0 > 0 such that
Take the n π × n π matrices
where the nonzero coefficients are in the i-th row of a, and in the i-th column of b. Note that
ij . Then by Proposition 2.2,
According to (4.6) we have
j (1 ≤ j ≤ n π ) be a sequence of independent Rademacher variables on a probability space (Ω, P ) and write the n π × n π matrix
Again by (4.6) and by Theorem 1.7 we have with some universal constant C > 0,
where
Recall (1.6) and that the matrix Q π under the chosen basis is diagonal. We have
where the last line above follows from the fact that u (π) is unitary. Recall Proposition 1.5 (1) and (1.3). We then have
and hence
Recall that by Proposition 4.5 we have
< ∞, so the above expression can be estimated as
Together with (4.11) we deduce
Back to (4.10) we get y
π ) ii and by (4.9) we obtain
whence (4.7), as desired. Now take x ∈ Pol E (G). Choose by polar decomposition and diagonalization two sequences of
11 , . . . , c
nπnπ ∈ C and denote e = (e π ) π∈E . By (4.6)-(4.7) and Theorem 1.7 we have with some universal constant C > 0,
where the last equality follows from the fact that {u
ii : 1 ≤ i ≤ n π } are orthogonal with respect to h according to (1.2). Using Lemma 2.3 we have
Hence the above two inequalities together yield
So we prove that E is a Λ(p)-set. Finally let us discuss (6) and (7). In fact, if E is symmetric, we note that X = Pol E (G) satisfies the assumption of Lemma 2.5. So if (6) holds, by Lemma 2.5 we have for all a ∈ ℓ ∞ (E),
. and hence using Proposition 4.5 and the assumption in (6), we obtain the inequality
for some constant K ′ > 0. Thus coming back to (4.12) again, we see that the condition (7) holds as well. Conversely, we may also show in the same way that (7) implies (6). So in other words the assertions (6) and (7) are equivalent, and in particular they are equivalent to the assertion (2).
As mentioned previously, we conclude in the following that any Sidon set for a compact quantum group G is a Λ(p)-set for all 1 < p < ∞, thereby considerably improving the earlier work [BM13] . In fact as in the classical case, we have the stronger result below. Recall that in Theorem 3.3 we have some generalized notions of the Sidon set.
, and by Proposition 2.7,
Observe that by Lemma 2.3, the operators m
So by the Stein interpolation theorem (see e.g. [Lun09, Theorem 2.7]) for 2 ≤ p < ∞ we have
. Both 
Similar argument also applies to m R a (where the above T z should be simply taken as m
identically). Now we may take K > 0 to be the constant satisfying
Thus E is a Λ(p)-set for all 1 < p < ∞ according to Theorem 4.7.
By Theorem 3.15, we have the following corollary, as desired.
Below we give two more generalizations of the main result in [BM13] . For convenience we introduce the following definitions.
We remark that if E is a Sidon set or an interpolation set of M(L ∞ (G)), or if G is of Kac type and E is a central Sidon set which will be introduced in Section 5, then E is such a central interpolation set of M(L ∞ (G)).
Proof. As is in the previous proof, for each π ∈ Irr(G), we fix a basis in H π such that the associated matrix of Q π is diagonal, and denote by u (π) ∈ M nπ (C(G)) the representation matrix under this basis.
Denote by (ε π ) π∈E a Rademacher sequence on a probability space (Ω, P ) and write e = (ε π Id π ) π∈E ∈ ℓ ∞ (E). The same argument as in the proof of Theorem 4.8 yields that we may find K > 0 such that for x ∈ Pol E (G), ω ∈ Ω and 2 < p < ∞,
Integrating the inequality over ω ∈ Ω, we get
By Theorem 1.7, we have with some K 0 > 0,
(1) If 2 < p < ∞ and x = π∈E c π χ π ∈ Pol E (G) with (c π ) π∈E ⊂ C, then the above inequality (4.13) reads
Note that by (1.2) and the choice of basis in H π , we have χ π 2 2 = h(χ * π χ π ) = 1. Also recall that χ π are orthogonal with respect to h. Thus the condition K 1 = sup π∈E χ π p < ∞ implies
Therefore E is a central Λ(p)-set.
(2) Assume K 2 = sup π∈E d π < ∞. We need to show that the right term of the inequality (4.13) is not more than x 2 , up to a constant independent of x. Note that by traciality of Tr, we have
Also, we note that the map d
) is unital completely positive on C(G) ⊗ B(H π ) for each π ∈ Irr(G), so by the Cauchy-Schwarz inequality,
Hence together with Proposition 1.5 (5),
Now back to (4.13) we get x p ≤ KK 0 K 2 √ p x 2 , as desired.
Remark 4.12. Let us make a few remarks on the constant of Λ(p)-sets. In the proof of Theorem 4.7 and Theorem 4.8, we have shown that, if E ⊂ Irr(G) is an interpolation set of M(L p (G)) with constant K for some 1 < p < ∞, then E is a Λ(p)-set with constant c 1 K c2 p with two universal constants c 1 , c 2 > 0; and if
It seems that these constants should be improved. Indeed, it is well-known that if G is a compact group or the dual quantum group of a discrete group, the constants above can be improved to c 1 K c2 √ p and
√ p respectively (see [HR70, Har99] ). On the other hand, we see that, for some subclass of Sidon sets as in Theorem 4.11, we may also obtain the constant in the form c 1 K c2 √ p.
Example 4.13.
(1) Following the notation in Example 3.17, we consider
We saw in Example 3.17 that E is an interpolation set of M(L ∞ (G)), and hence by Theorem 4.8 E is a Λ(p)-set for all 1 < p < ∞. Alternatively, recall the Haagerup type inequality shown in Brannan [Bra12, Theorem 6.3 
for a universal constant C. So by Theorem 1.7 and the standard argument as in the beginning of the proof of Theorem 4.11, we have the following Khintchine type inequality: for a universal constant K and for all 2 ≤ p < ∞ and all finitely supported sequences (
.
If n k = 1 for all k, then the above inequality reduces to the classical Khintchine inequalities.
(2) Follow the notation in Example 3.18. We consider the sequence (q n ) n≥1 ⊂ [q, 1] with q := inf n q n > 0 and the associated quantum group G = n≥1 SU qn (2). In Example 3.18 we proved that E = {u n : n ≥ 1} ⊂ Irr(G) is a Sidon set for G. Note that the associated matrix Q n := Q un is diagonal with entries {q −1 n , q n } under the standard basis and hence sup n dim q (u n ) = sup n (q n + q
So by Theorem 4.11, E is also a Λ(p)-set for 2 ≤ p < ∞ and we obtain the following Khintchine type inequalities: there exists a constant K > 0 (depending on q) so that for all finitely supported sequences (
n . Note that by Proposition 4.5 and Theorem 4.7, if q = 0 and q n → 0, the subset E defined as above cannot be a Λ(p)-set for any 2 < p < ∞.
Independence of the interpolation parameters for
In this subsection we would like to show that our definition of Λ(p)-sets does not depend on different interpolation parameters of L p -spaces associated to a compact quantum group G. Recall that in Section 1.2, we introduce the space
given by the embedding
However in [Kos84] Kosaki provides some other possibilities to define the complex interpolation scale (L p (G)) 1≤p≤∞ . More precisely, fix a parameter 0 ≤ θ ≤ 1, we may consider the compatible
and we define the complex interpolation space
Note that L p (0) (G) coincides with the space L p (G) defined before. In the language of Haagerup's L p -spaces, we have considered the embedding
and for each 1 ≤ p ≤ ∞ we have the isometric isomorphism
In particular,
The spaces L p (θ) (G) and L p (θ ′ ) (G) for different parameters θ, θ ′ are isometric as Banach spaces, but one needs to be careful with the parameter θ when doing the Fourier analysis on G, for which we refer to [Cas13, Section 7] for some related discussions. So returning back to the topic on Λ(p)-sets, it is natural to ask if the notion of Λ(p)-sets is independent of the choice of the parameter θ. In the following we give an affirmative answer.
Proposition 4.14. Let G be a compact quantum group and let 2 < p < ∞, Proof. Assume that E ⊂ Irr(G) is a Λ(p)-set for L p (θ) (G) with the constant K given above. Then for all a ∈ ℓ ∞ (E), together with the equality (4.14) we have for
By Lemma 2.6, we know that
Hence by Proposition 2.2,
Let π ∈ E and without loss of generality we choose an appropriate basis of H π so that Q π is diagonal under this basis. Assume that a ∈ c c (E) and take x ∈ Pol E (G), then the above inequalities gives
And a similar inequality can be proved for the map m L a . Then following the idea in the proof of Proposition 4.5, we may find a constant K ′ > 0 such that
Therefore together with (4.14), Lemma 2.6 and Lemma 2.3, we get for all x ∈ Pol E (G),
, then we have already shown in Proposition 4.5 that there exists a constant K ′ > 0 such that
So a similar estimation as above yields that E must be a Λ(p)-sets for L p (θ) (G). Therefore the proof is complete.
Finally we remark that all the discussions in the previous sections can be in fact reproduced for L p (θ) (G) with the similar idea, and we omit the details. 4.3. Existence of Λ(p)-sets. In this short subsection we discuss the existence of Λ(p)-sets for compact quantum groups. We refer to the following result proved in the appendix: let M be a von Neumann algebra with a normal faithful state ϕ and B = {x k : k ≥ 1} ⊂ M be an orthonormal system with respect to ϕ such that sup k x k ∞ < ∞, then there exists an infinite subset Y ⊂ B and a constant C p such that x p ≤ C p x 2 for all x ∈ span (Y ). Immediately we deduce the existence of Λ(p)-sets with uniform dimension assumptions.
Theorem 4.15. Let G be a compact quantum group. Let E ⊂ Irr(G) be an infinite subset with sup π∈E d π < ∞. Then for each 2 < p < ∞, there exists an infinite subset F ⊂ E which is a Λ(p)-set for G.
Choose an appropriate basis of H π such that the matrix Q π is diagonal under this basis. For each
0 . Then B 0 is an orthogonal system since Q π is chosen diagonal. Write E 0 = E. According to the theorem in the appendix, we can find an infinite subset B 1 ⊂ B 0 with constant C 1 > 0 such that for all finitely many c 1 , . . . , c n ⊂ C,
The last set is non-empty. Then
Repeating inductively the above procedures, if k ≥ 1 and if
B l ) and a constant C k+1 > 0 such that for all finitely many c 1 , . . . , c n ⊂ C,
and such that
Since D 0 is finite, the above inequality shows that there existsk
Since ∪k l=1B l ⊂ B 0 is an orthonormal system and
The existence of Λ(p)-sets without the assumption sup π∈E d π < ∞ in the above theorem is in general not true, which can be seen from the non-existence of central Λ(4)-sets for the classical SU(2), as well as from the quantum non-tracial example 4.13.(2).
4.4.
Remarks on the lacunarity for SU q (2). In [HR70] , a classical version of Theorem 4.8 was used to prove the fact that the special unitary group SU(2) does not admit any infinite Sidon set. The key observation therein is that SU(2) does not admit any infinite central Λ(4)-set. Here we want to show that, in strong contrast, the q-deformed quantum group SU q (2) with 0 < q < 1 does admit an infinite central Λ(4)-set. The non-traciality of the Haar state on SU q (2) plays an essential role for this result. We recall that Irr(SU q (2)) can be identified with N ∪ {0} and follow the notation in the preliminary part.
Proposition 4.16. Let 0 < q < 1 and let E = {n k ∈ N ∪ {0} : k ≥ 0} ⊂ Irr(SU q (2)) be such that n k = n k−1 + k for k ≥ 1. Then E is a central Λ(4)-set for SU q (2). More precisely, there exists K q ≥ 0 such that for any finitely supported sequence (c n ) n∈E ∈ C,
Proof. Recall the formulae (1.3) and (1.8). Then for each m ∈ N ∪ {0},
On the other hand, it is easy to see
By (1.2) and (1.3), we also have
Let tr be the trace on the Haagerup L 1 -space L 1,H (SU q (2)). Recall Proposition 1.5 -we have for a finitely supported sequence (c n ) n∈E with max n |c n | = 1 and f = n∈E c n χ n ,
Then using 
where K ≥ 1 is the constant such that x + 1 ≤ Kq −x/2 for x ≥ 1. Recall the assumption on E = {n k ∈ N ∪ {0} : k ≥ 0} that n k = n k−1 + k for k ≥ 1 and also the assumption max n |c n | = 1, so that 1 ≤ f 2 . We have i,j∈E,i<j
Therefore together with (4.19) we get
) 1/4 and we get the desired inequality (4.17).
In the end we remark that for the case 0 < q < 1, we may also state below the non-existence of infinite Λ(p)-sets for SU q (2), which directly follows from Proposition 4.5.
Proposition 4.17. Let 0 < q < 1 and 1 < p < ∞. There exist no infinite Λ(p)-sets or infinite Sidon sets for SU q (2).
Proof. Recall that the irreducible representations of Irr(SU q (2)) indexed by N ∪ {0}, and for each n ∈ N ∪ {0} we have Q n = Q −1 n = q −n . So for any infinite subset E ⊂ Irr(SU q (2)), we have
So according to Proposition 4.5, SU q (2) does not admit any infinite interpolation set for M(L p (G)), or equivalently, it does not admit any infinite Λ(p)-set by Theorem 4.7. And by Corollary 4.8, SU q (2) does not admit any infinite Sidon set.
In the next section we will use another method to show in Corollary 5.9 that a large class of quantum deformations of semi-simple Lie groups do not admit any infinite Sidon set.
Central Sidon sets with examples
In this final section we briefly discuss some properties of central Sidon sets. 
Proposition 5.4. Let G be a compact quantum group of Kac type. Then E ⊂ Irr(G) is a central Sidon set if and only if for all bounded sequences (a π ) π∈E ⊂ C, there exists a bounded central functional ϕ ∈ C r (G) * such thatφ(π) = a π Id π for π ∈ E.
Proof. The proof is an analogue of that of Theorem 3.3 (1) ⇔ (2). We replace C r (G) by C z r (G) and
: a π ∈ CId π , π ∈ Irr(G)}, etc., and argue as before, thanks to the previous lemma.
Remark 5.5. There have been some suggestions on the definition of unconditional Sidon sets for a compact (quantum) group which would be different from that in Definition 3.13. More precisely, for a compact quantum group G and a subset E ⊂ Irr(G), we may consider the following lacunary condition: there exists a constant K > 0 such that
And it was ever unclear on the relations between (5.2) and the Sidon sets even if G is a compact group G. Here we remark that the above two notions of lacunarity are in fact totally different if G is non-abelian. Indeed, more generally, if the compact quantum group G is coamenable and of Kac type, we may follow the same idea as in Theorem 3.15 and the above proposition to see that (5.2) holds if and only if E ⊂ Irr(G) is a central Sidon set for G, which is well-known to be different from being a Sidon set.
Remark 5.6. For a central functional ω on Pol(G), the associated multiplier map
is a monoidal equivalence between two compact quantum groups G 1 and G 2 and if ω (1) , ω (2) are the central functionals on Pol(G 1 ), Pol(G 2 ) respectively, such that ω
have the same complete bounded norms. Note that if additionally G 1 and G 2 are coamenable, then
• T ω for any functional ω on Pol(G). Then according to the previous proposition, any two coamenable compact quantum groups of Kac type which are monoidally equivalent, have a one-to-one correspondence of their central Sidon sets via the monoidal equivalence map. The following result generalizes this fact.
Proposition 5.7. Let G 1 , G 2 be two compact quantum groups. Assume that Φ : Rep(G 1 ) → Rep(G 2 ) is an injective map preserving the fusion rules, that is, for all π, π ′ ∈ Rep(G 1 ) we have
Then for any finite sequence (c π ) ⊂ C and x = π∈Irr(G1) c π χ π ∈ Pol(G 1 ), we have
Consequently, for any central Sidon set E ⊂ Irr(G 1 ), if additionally there exists C > 0 satisfying dim(Φ(π)) ≤ C dim(π) for all π ∈ E, then Φ(E) ⊂ Irr(G 2 ) is a central Sidon set for G 2 .
Proof. The isometry (5.3) has been mentioned in [Ban99] . In fact, as remarked in [Ban99] , the map Φ automatically satisfies Φ(π) = Φ(π) for all π ∈ Rep(G) once we note that for an irreducible representation π its adjointπ is the unique irreducible representation such that 1 is the subrepresentation of π ⊗π. Denote by A the * -algebra generated by {χ π : π ∈ Irr(G 1 )}. By the linear independence of {χ π : π ∈ Irr(G 1 )}, the injection Φ induces an injective * -homomorphism Φ : A → Pol(G 2 ), χ π → χ Φ(π) , π ∈ Rep(G 1 ).
To see thatΦ well defines a * -homomorphism, it suffices to notice that for π ∈ Irr(G 1 ), we have χ * π = χπ andΦ (χ * π ) =Φ(χπ) = χ Φ(π) = χ Φ(π) =Φ(χ π ) * and for π, π ′ ∈ Rep(G 1 ) satisfying the decomposition formula π ⊗ π ′ = k π k with each π k ∈ Irr(G 1 ), we havẽ
Note thatΦ preserves the restriction of Haar states on Pol z (G 1 ) and Pol z (G 2 ). SoΦ gives rise to an equivalence between the faithful sub-GNS-representations of Pol z (G 1 ) ⊂ Pol(G 1 ) and Pol z (G 2 ) ⊂ Pol(G 2 ) with respect to the Haar states. As a resultΦ is an isometry, which gives (5.3). The assertion regarding the central Sidon sets then follows directly from the definition and (5.1).
Example 5.8. Let q ∈ [−1, 1]\{0} and consider the quantum groups SU q (n), n ≥ 2. SU q (n) is a compact matrix quantum group in the sense of [Wor87] and we denote by π (q) n the fundamental representation of SU q (n). It is easy to see that for the classical case q = 1, the subset {π (1) n : n ≥ 2} is a Sidon set for the compact group n≥2 SU(n) (see [CM81, ). Now by Proposition 1.3 for 0 < q < 1 we may find a map Φ : Irr(SU q (n)) → Irr(SU(n)) satisfying the assumptions of the above proposition. As a result, for any 0 < q < 1 the subset {π (q) n : n ≥ 2} is a central Sidon set for the compact quantum group n≥2 SU q (n).
In [Rid72] it is shown that for a connected compact group G, G has an infinite central Sidon set if and only if G is not a semi-simple Lie group. Combined with Proposition 1.3 and Proposition 5.7 we get the following observation, which in particular shows that the quantum SU q (2) (0 < q < 1) does not admit any infinite Sidon set, as mentioned in the last section after Proposition 4.16.
Corollary 5.9. For all 0 < q < 1 and all simply connected compact semi-simple Lie group G, the compact quantum group G q given by the Drinfeld-Jimbo deformation does not admit any infinite central Sidon set.
Appendix: Existence of Λ(p)-sets in orthogonal systems for general noncommutative L p -spaces
In this appendix we present a method of constructing Λ(p)-sets in orthogonal systems for noncommutative L p -spaces. The main result is the following theorem. It is due to Marek Bożejko in the tracial case.
Theorem A.1. Let M be a von Neumann algebra equipped with a normal faithful state ϕ and consider the associated L p -spaces L p (M, ϕ). Let B = {x i ∈ M : i ≥ 1} be an orthogonal system with respect to ϕ (i.e., ϕ(x * i x j ) = 0 for all i = j) such that sup i x i ∞ < ∞. Then for each 2 < p < ∞, there exists an infinite subset {x i k : k ≥ 1} ⊂ B and a constant C > 0 such that for all finitely supported sequences (c k ) ⊂ C we have
This result was first proved by [KS36] in the commutative case and then by [Boż79] in the case where ϕ is tracial. The same idea also applies to the general setting, and for the sake of completeness we include a detailed proof below. We refer to [Pic73, Boż73, Boż75b] for different approaches.
To establish the theorem, let us show the following slightly stronger result.
Theorem A.2. Let M and ϕ be given as in Theorem A.1 and n ≥ 2. Let B = {x i ∈ L 2n (M, ϕ) : i ≥ 1} be an orthogonal system with respect to ϕ such that sup i x i 2n < ∞. Then there exists an infinite subset {x i k : k ≥ 1} ⊂ B and a constant C > 0 such that for all finitely supported sequences (c k ) ⊂ C we have Combining (A.4)-(A.7) we have I r+1 ≤ (1 + K n 4 n n|c r+1 | 2 )I r + (K 2n + K n 4 n n)|c r+1 | 2 + n|c r+1 | r + 1 .
Iterating the above inequality and denoting a k = K n 4 n n|c k | 2 , b k = (K 2n + K n 4 n n)|c k | 2 + (1 + a j ) + b r ≤ e k≥1 a k I 1 + e k≥1 a k l≥1 b l ≤ (2K 2n + K n 4 n n + n l≥1 l −2 )e K n 4 n n .
The above right hand side is a constant only depending on K and n, so the desired inequality (A.1) is proved. We see immediately that (y k ) is an orthogonal system. Moreover, when we recall the orthogonality of (x k ), by the choice of the above sequences we have By the argument in (1), the orthogonal system {y k : k ≥ 1} ⊂ M a admits a subset {y kr : r ≥ 1} satisfying the estimation of the type (A.1). Now it is easy to observe that {x j kr : r ≥ 1} ⊂ B is the desired subset. To see this, it suffices to note that, there exists a constant C > 0 such that for all sequences (c r ) r≥1 ⊂ C with r |c r | 2 = 1 and for all s ≥ 1, So the proof is complete.
Remark. In general, the noncommutative L p -spaces introduced by [Kos84] depend on different interpolation parameters. Following the same line of the proof one can see that the above result still holds for those types of L p -spaces.
